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ABSTRACT. The gauge invariant subalgebra of the canonical anticommuta-
tion relations (henceforth GICAR) is viewed as an inductive limit of finite-
dimensional C*-algebras, and a study is made of a simple class of its
representations. In particular, representations induced by restricting the well-
known gauge invariant generalized free states from the entire canonical
anticommutation relations (henceforth CAR) are considered. Denoting (a) a
state of the CAR by w and its restriction to the GICAR by «°, (b) the unique
gauge invariant generalized free state of the CAR such that w(a(f)* a(g))
= (f,Ag) by w,, it is shown that (I) w3 induces (an impure) factor
representation of the GICAR if and only if TrA(l — 4) = 0, (2) two
(impure) GICAR factor representations w§ and wg are quasi-equivalent if
and only if 4Y2— BY2 and (I - 4)/2 = (1 - B)"? are Hilbert-Schmidt
class operators.

1. Introduction. In this work we study the gauge invariant! subalgebra of the
canonical anticommutation relations via a simple class of its representations.
Following [13] and [4] we view the canonical anticommutation relations
(henceforth CAR) and its U(1) or gauge invariant subalgebra (henceforth
GICAR) as C*-algebras which are in fact limits of ascending sequences of
finite-dimensional matrix algebras; in the terminology of [6] and [4] they are
examples of uniformly hyperfinite (UHF) and approximately finite (AF)
algebras respectively. We then proceed to examine the representations induced
by restricting the gauge invariant generalized free states of the CAR (see §2)
to the GICAR. Previously, many authors have studied UHF algebras in
general (e.g. [6], [11]) and the generalized free states of the CAR in particular,
as in [1], [2], [5], [12], and [13]. AF algebras (including the GICAR) are
introduced and studied in [4].2
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1 In field theory, automorphisms induced by the action of U(1) on the field algebra are called
gauge transformations of the first kind.

2 In [4] the GICAR is referred to as the fermion current algebra, following [9].
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36 B. M. BAKER

The present work is motivated by [7]-[9] where C*-algebras of observables
are studied in general, and that of [1], [2], [5], and [12] in which techniques of
field theory are used to analyze the generalized free states of the CAR.
Throughout, the generalizations of the work of [6] and [11] on UHF algebras
to the AF case accomplished in [4] are taken as the starting point. The main
result of §3, a necessary and sufficient condition for a’gauge invariant
generalized free state of the CAR to induce a factor representation of the
GICAR by restriction, naturally extends the results of [14]. The main result of
§4, a necessary and sufficient condition for two factor states of the GICAR to
induce quasi-equivalent representations, is identical in conclusion to Theorem
5.1 of [12], whose techniques and results are relied upon heavily.

I would like to thank my thesis advisor,.Robert T. Powers. Without his
many helpful suggestions this work could not have been done. I also thank
Herbert Wilf for his statement and proof of Proposition 3.19.

2. Definitions, notation. Let K be a separable Hilbert space with orthonor-
mal basis { £}, n = 1,2, ..., and let 9, = span{f,...,f,}. We denote by
@(9r,) the CAR algebra over 9, As sketched below, this is constructed via
a linear mapping f — a(f) satisfying the relations

a(f)a(g) + a(g)a(f) =0,

a(f)a(g)* + a(g)*a(f) = (z.)1,

for all f, g in 9, . We denote by &(X) the @(%) the CAR algebra over %, the completion
of U,@(9n,), written @) = U,@(9N,,). This is a UHF algebra in the sense
of [6].

Setting

®, = @(n,), B, =e&O@n,)n @(%k-x)c; k=223...,

we may choose matrix units for these algebras as follows:

en = a(ﬁc)a(fk) ’ eflz‘) = a(f )V
) = a1V & = af)*a(),

where ¥, =1, V, =52/ - 2a(f)*a(f)), k=23,.... It follows
straightforwardly that (1) each @, is isomorphic to a 2 X 2 matrix algebra, (2)
the {®,}, k = 1,2,..., commute pairwise for differing k and (3) @(Or,,) is
isomorphic to ®F_; %, written @,) ~ ®7_,%,. From (3) we conclude
@(9n,) isomorphic to a 2" X 2" matrix algebra with matrix units
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’(llj)l ‘()2}2 '“"853.» 1<ijpy<nk=1...,n

We denote by @°(%) the U(1) or gauge invariant subalgebra of @(). More
explicitly, the mapping a(f) - e “a(f) is extended to an automorphism of
@(%), which we denote x,, and we define €°(9,) = {x in @(O,): x,(x) = x,
0 < 1 < 2a}. It follows that @°(IM,) = D g My With M, an (3) X (})

matrix algebra and
(") -
k k!'(n — k)

(see [4]. Finally, we define €°(%) = U,&°(91,), an AF algebra in the sense
of [4].

In the sequel we will investigate a simple class of representations of @°(%)
obtained by restricting the gauge invariant generalized free states of @(%) to

@°(%) C @(X). In general, a state of @(ﬂﬁ) is determined by its values on
monomials of the form a(f, RERY fl) a(g) - a(gm) since (1) a state is
linear and continuous, (2) polynomials in the a(f)*, a(g) with f, g in % are
norm dense in @), (3) polynomials may be written as a combination -of
monomials in the indicated form via the anticommutation relations. In
particular, a state w of @) is called a generalized free state if it vanishes on
monomials odd in the a(f), a(g)* and its truncated N-point functions (see,
e.g., [10]) vanish for N > 2; it follows from the latter property that w is
completely determined by its 2-point functions w(a(f )* a(g)) and w(a(f )a(g)).
Here we consider gauge invariant generalized free states; these are determined
by the single 2-point function w(a(f)* a(g)) which by linearity and bounded-
ness properties can be written as (f, 4g) for some linear operator 4,0 < 4

< I. More precisely we define the gauge invariant generalized free state w, of
@() by the formula

wqa(f)* -+ a(f) alg) -+ alg,n)) = 8, det((f; 4g)))-

We denote by wj the restriction of w, to @°(%).

A state w of @(¥) is said to factorize with respect to the {®, }, k = 1,2, ...,
or {9}, k =1,2,..., defined above, if w(xy) = w(x)w(y) whenever x is in
@, and y is in B,,, m # I. Two states w; and w, are said to be unitarily
equivalent, denoted w; ~, w,, if they induce unitarily equivalent representa-
tions. Two states are said to be quasi-equivalent, denoted w; ~; w;, if they
induce quasi-equivalent representations; letting IT; (IT,) be the representation
induced by w, (w,) this means there is an isomorphism h between the von
Neumann algebras IT'] and IT’ such that A(TI, (x)) = II,(x) for all x in &).

For convenience, we summarize some results on gauge invariant generalized
free states, giving an appropriate reference for each.



38 B. M. BAKER

STATEMENT EQUIVALENT CONDITION REFERENCE
CAR

w, is a pure state A is a projection [13]
‘wg ~, wp (E, F are projections) E-F is Hilbert-Schmidt class [12]
w4 is a factor state automatic [13]
g ~ 9 AV2 — BV2 and (1 - 4)/% - 1 - B)?* [12)

are Hilbert-Schmidt class

GICAR

wj is a pure state A is a projection [14]
Wg ~y WF Tre((I — E)F(I - E)) (14]
(E, F are projections) =Tr(I - F)E(I — F)) <

wj is a factor state TrA(I — A) = §3
w§ ~, wp AY% — BV2and (I - A)'/* - (I - B)'/? §4

are Hilbert-Schmidt class

We note that nongauge invariant generalized free states are studied in [1],
[3], and [5]. For further elaboration on notation, definitions, or results we ask
the reader to consult the references, especially [10].

3. Factor condition. In this section, we wish to prove

THEOREM. Let A be an operator on a Hilbert space XK, with 0 < A < I.
Suppose A is not a projection. Let wj be the associated generalized free state of
@°(X). Then wy is a factor state if and only if TrA(I — A) = .

We note that when 4 is a projection, it can be shown that wj is a pure state,
as in [14, II1, 1, Proposition]. Our method of attack will be to eventually apply
the following theorgm.

THEOREM 3.1 [4, THEOREM 4.4]. Let @ = U, &, and suppose that w is a state
of @ and I1  the representation associated to w by the Gel fand-Segal construction.
Then the following conditions are equivalent:

(i) w is a factor state.

(ii) For all x in @ there exists an integer r > 0 such that |w(xy) — w(x)w(y)|
< I, for all y in €.

(iii) For all x in @ there exists a finite-dimensional *-algebra® C @ containing
e such that |w(xy) — w(x)o(»)| < L, ()|l for all y in B°.

In order to use condition (ii) above, for the case @ = @°(%) = U,&°(9n,),
we will examine the relative commutant of @°(9,) in @°(%). (Here it will be
necessary to distinguish between the relative commutant in @°(%) and the
relative commutant in @(X). Thus we will use the superscripts ¢, for the
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former and c¢ for the latter) The Lemmas 3.2-3.10 below, together with
Proposition 3.11, provide us with a useful form for @°(9n,)®.

LEMMA 3.2. Let O be a finite-dimensional Hilbert space with orthonormal basis

{fise.esf) and
NEW = 3 o) a(f) = 3 ).

Then x in @) commutes with N(9) if and only if x is in @ (ON).

ProoF. First recall that @(91) is a p X p matrix algebra with p = 2", Letting
®, Y be index functions such that ®, : {1,...,n} = {1,2} we define

() (2 (n
Fou = eSlu St ey

which is a matrix unit for €°(91) if and only if ® and ¢ take on the value 2
(and hence 1) the same number of times, i.c., }',,l Wi) = 3i.; ®(). Now
note

[Q% Copfoy N(%)]_ = % Coy ; [fw,egz)]

= 3 cou(Z 60~ 00 foy = 0+ cqy = 0

for all ®, y such that 3, ®(i) # 3, ¥(i). Since any x in €°(9) may be written
as such a sum, we have x in €°(9M) < [x, N(ON)]_ = 0. Done.

LeMMA 33. Let X be a separable Hilbert space and O C K a finite-
dimensional subspace. Let N(9R) be as above, and ¢ denote the commutant relative
to &X). Then

@°(n) = @On) A N(n)".

ProoF. Immediate, from Lemma 3.2.

LeMMA 3.4. Let z(@°(91)) denote the center of @°(91) and &(N(9N)) the C*-
algebra generated by the single element N(). Then z(@°(9N)) = @(N(9N)).

ProoF. From Lemma 3.3 we have €°(9N) = @(9M) A N(ON)". Setting
K = 9N, we have ¢ denoting the commutant relative to @(N). Taking the
commutant we obtain @ °(9M)° = @(IM) V N(IMN)* recalling that for von
Neumann algebras R, and R,, (R; AR, = R{V R;. By the double
commutant theorem we have N (M) = @(N(IN)), and since (M) is a
factor we conclude

@°(m)° = {AI} v &N(9)) = @(N(Sr)).
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Now N(9) is in @°(9) so &N (9N)) C @°(9M); hence 2(@°(9N)) = @°(ON)°
A @°(Or) = @N(ON)) A @°(dN) = @(N(9n)). Done.

LemMA 3.5 [12, LEMMA 2.2]. Let K be a Hilbert space, and O C X a finite-
dimensional subspace with orthonormal basis { f;, ... .f,}. Let

y= gl (I - 2a(£)* a(f)),

and let ¢ denote the commutant relative to @(H). Then @(DN)° is generated by
the elements a(f)V for all f in OM*.

LeMMA 3.6. Let 9% and N be finite-dimensional Hilbert spaces with 9% C 9.
Let ¢ denote the commutant relative to &OU). Then @°(ON)° = @(On!)
Vv N(on).

ProoF. From Lemma 3.3 we have 2°(91) = @(9M) A N(9n)°, and taking
the commutant we get €°(9)° = @(ON)° vV N(M)™ = @(On)° v N(9). By
the above lemma, we have

@°(@n)° = &{a(f)V.fin M*}) v N(N) = @Or') v N(9)
since ¥ = exp(izN(9N)) is in @(N(91)). Done.

LemMA 3.7. Let K be a Hilbert space and M C X a finite-dimensional
subspace. Let ¢ denote the commutant relative to &X). Then @° ()" = @(9n*)
VvV N(or).

PrOOF. (D) As in Lemma 3.5, for f in 9+ we have a(f)V an element of
€@On)° c @°()°. Further N(9N) and V = exp(iN(9N)) are in @°(9N)° by
Lemma 3.2. Since ¥ = I we conclude such a(f) to be elements of @°(9N)°.
Hence @Ont) v N(On) C @°(91)°. Done.

(C) Let x be in @°(ON), and let {9}, k = 1,2, ..., be an increasing
sequence of subspaces of I such that M = ¢, and U, N, = K. Certainly, x
is in @X) = U,@(,); hence there exists a sequence {x,},n = 1,2,...,
such that x,, is in &,) and x, — x. Further, for all y in €°(3) and 8, > 0,
there exists N, such that n > N, implies ||x,y — yx, || < 8,, since multiplica-
tion is continuous. We now construct a sequence x,, n = 1, 2, ..., such that
x,, is in @Ont) vV N(9N) and x;, — x as n — oo, Let ¥ be a set of matrix
units for €°(ON). Define x, = 3,3, e¥x M) 1< i< g< 0, 1<k
< p < 0. By construction x/, is in @,) and by straightforward computa-
tion, x/, is in @°(9)°. Further,
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Iy =5l = || = S 3 P rel?]| = [lery = 5 3 fPn, ff
53~ 5 3 sl < £ 3 105, - e
= 3 2 1efPEx,— %, ) <3 3 Neffx, -z,

Thus for n > N,, we have ||x, — x,|| < pgd,. Also, since x, = x, for any

8, > 0 there is an N, such that n > Nz implies [|x — x,|| < 62 We now pick

= ¢/2pq and §, = ¢/2, and N = max(N,N,). Combining, we obtain
Ix = x,|| <e. Thus x, = x as n — oo, x}, is in @,), and denoting the
commutant relative to €9L,) by ¢, we have x, in €°(9)° = @(@nt) v N(9R)
by Lemma 3.6, since 9 C 9, and both are finite-dimensional. Finally, since
x;, = x we conclude x in @91t) v N(9). Done.

LemMMA 3.8. Let O and 9 be finite-dimensional Hilbert spaces such that
M C N. Let cy denote the commutant relative to @°(). Then €°(IM)7
= @°(Ot) Vv z(@°(On)) = @°(9nt) v N(on).

ProoF. Since z(°(9M)) = @(N(9M)) by Lemma 3.4, the second equality is
immediate. Now we show @°(9)® = @°(9n*) vV N(9n). Consider x in
@°(On)® C @°(9M)°. By Lemma 3.6 and the fact that z(@°(9n)) = &N (9N)),
we can write x = 3, y,z; with y; in @Ot and z; in @N(91)). Letting x, be
the gauge automorphism and

1 27
T 2o

we note that a: @(9N) — @°(9N) and leaves @°(9M) fixed. Hence for x in
@°(ON)® C @°(9N) we have a(x) = x = 3, a(y;z;) = 3; o y,)z,, using the
fact that N(9n) and thus z; is gauge invariant. Further, since y, is in
@°(@nt), a(y) is in @°(91Ll) and we conclude @°(ON)% = @°(°JR,J')
V N(%R). Done.

X dt

LEMMA 3.9. Let X be a separable Hilbert space, and 9% C X a finite-
dimensional subspace. Let ¢, denote the commutant relative to @°(X). Then
@°(On)® = @°(M*) v z(@°(9n)).

PrOOF. (D) Trivially, z(@°(9M)) C @°(9N)®, so we need only show
e@°@Ont) c @°(9n)®. Certainly @°(Ont) C @°(X), and @°(On*) C @(Ont)
C @°(9n)°. Hence @°(9nt) C @°(9n)®. Done.

(C) Let x be in °(9M)7, and let {N, ), k = 1,2, ..., be an increasing
sequence of subspaces of K such that M = N, and U, N, = K. Certainly, x
is in @°(X) = U,&°(%,), hence there exists a sequence {x,},n = 1,2,...,
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such that x,, is in €°(9,) and x,, = x. Arguing exactly as in the same inclusion
of Lemma 3.7, we may construct a sequence {x,}, n = 1,2, ..., such that x},
is in @°(Ont) v 2(@°(9N)) and x, = x as n — oo, using Lemma 3.8 to
conclude x/ is in @°(9*) Vv 2(@°(9N)) for each n = 1,2, .... Done.

LemMa 3.10. Let €°(X) = U,&°(O,), with {9}, r = 1,2, ..., an increas-
ing sequence of r-dimensional subspaces of K such that U9, = K. For
convenience, let N, = N(OU,). Then 2(°(9,)) = &(N,) is spanned by r + 1
orthogonal projections Ey, ..., E,.

PrOOF. By a straightforward analysis of the matrix units [4, Lemma 5.2] we
have @ °(9,) isomorphic to a direct sum of  + 1 finite-dimensional factors.
Defining E, to be the projection on the kth such factor, 0 < k < r, we have
r + 1 orthogonal projections which clearly span z(& °(91,)). Done.

ProPOsITION 3.11. Let @°(X) = U,&°(9w,) with {n,}, r = 1,2,..., an
increasing sequence of r-dimensional subspaces of K such that U9, = X, and
N, = N(9,) as above. Let ¢, denote the commutant relative to @°(X). Then for
arbitrary y in @°(91,) we can write

w
y= j;) " Wi)e™ dr

with y(f) in @ ().

PrOOF. Let y be in @°(9,)®. By Lemmas 3.9 and 3.4 we have °(9%,)®
= @°(M;}) V N,; thus N, in @°(9N,) commutes with €°(9;'). Using Lemma
3.10, then, we can write y = 3} By With y, in @°(9;'). Now letting

H) =5 3y
2m Sk
we have y(f) in @°(9;") since the y, are. Now

N L4 r
Nt = exp(i jgo a(l,:)* a(fj')t) = jI;IO exp(ie%) t)
= f[ (el({) + e%)ei’)
Jj=0
and we obtain

27 . 1 & 27 _. r . N s
iNt 3, —ikt U) (j) it
j(; ye™dt = 5- k2=:0 Vi j;) e ij |0 (e} + e e)dt.

Clearly, this integral picks out of the product the coefficient of the ¢/’ term.
An inspection of the matrix units for €°(9,) shows that these coefficients are
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the central projections E, of €°(91,) above. Hence we have

27 . r
ne™tdr = E, =
fo y()e kgoyk k

Done.

In the following section, we will relate the factor condition for a given
generalized free state to properties of a particular series. We begin with some
definitions.

DEFINITION 3.12. Given a function f(1) = 3% v,¢™, we define its Fourier-
s norm, denoted || [|,, by the formula

= {5 )"

DEFINITION 3.13. Let  be a state of @°(%) = U,&°(R,) with {9}, r = 1,
2, ..., an increasing sequence of finite-dimensional subspaces of ¥ such that
U9, = K. Let N, = N(91,) as above. We define a function B,,(f) associat-
ed with by the formula B, (1) = (/== M)),

PROPOSITION 3.14. Let w be a generalized free state of &) = U,&(O,),
which factorizes with respect to the increasing sequence of finite-dimensional
subspaces {9}, r = 1,2, .... Let x be in @ (9,), and y be in @°(N,,), m
> n. Then |w(xy) — w(x)w(y)l —>0as m— o if [(1-€)B,O >0 as
m— .

Proor. By Lemma 3.11 and the continuity of w, we have
27 . .
w(xy) — w(x)u(y) = fo (@exp()e™’) = w(x) )e™")) at.
Also,

W(y(D)e™") = wlxe™y(1)) = wlxe™ )l (1))

and

(™) = w(y())u(e™")

using the factorization properties of w. Now noting e = ¢f(Nn=Ma)t gilat 51 q
combining, we obtain

w(xy) — w(x)w(y) = j(')21r o( y(t))},’nn(t)[w(xeiN,l) _ w(x)w(ei ,.t)] dt
= [ 0 B,
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defining ¢, () = w(xe™) — w(x)w(e™"). Now ¢,(0) = 0 and, recalling Ek, k
=0,1,...,n to be the central projections of €°(M,) we have &'

= k=0 Ek ¢! by straightforward comparison. Substituting, we see that qx(t)
is a finite Fourier sum with highest power n. Hence, there are coefficients
a, k=12,...,n, such that

7.0 = 2 a1 - ).

Further, y(t) = (2m) 3, 0¥, ™7, and defining w(y,) = b,, we get w(y(1))
= (1/27) 3 =o b, e, Substltutmg these into our last expression for
w(x)w(y), we obtam

w(xy) — w(x)w(y) = j; & ( éo bpe""ﬂ) (kél a(1 - ikt)) P ()dt

= 3 3 o, [P0 - R, 0

Now define 2:",;'6'*" ¢c,é” = (1 — ¢¥)P,,(1); the sum limit follows from the
equation

M=M= TT (e + ) ).
e /I;[n(e" ezze )

Substituting.and taking absolute values, we get

m m—n+k |

S 2 gt i
jolw) = abo) = | 3 3 "3 apbye, [ e d

lpOrO

m—n+k

2172 2 aib,c,

k=1 r=0

—n+k

<203 ial"E bl <2 31”3 Lol

since we may assume ||yl = 1, and it follows that |b,| < 1. Now note n is
fixed and k € n, so m = oo implies m — n + k — co. Hence, for arbitrary x
in @°(G.)IL ) and y in @°(9%,,)” we have |w(xy) — w(x)w(y)| = 0 as m = o if

M le.| = 0as m — oo. By definition, motkle | = 1I(1 = é*) B, @,
and observing (1 — &%) = f_(l, (1 — &) we obtam

10 - 9B, 00 = || 5, 01 - 5,0

< (-1 - R, 0l
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since k < n. But n is fixed, so [|(1 — €")B,()lf = 0 as m — oo implies
lw(xy) = w(x)w(y)] = 0 as m = 0. Done.

LeEMMA 3.15. Let A be a positive operator on a Hilbert space X, with
0 < 4 < I, pure point spectrum {\;}, i = 1,2, ..., and associated eigenvectors
{fhi=1,2....Let O, = span{f,...,f}and let w, be the gauge invariant
generalized free state of &(X) = U,&(9N,) associated with A. Define

Buall) = w4 (=)

as above. Then

I - B0 = =) T {1 -2)+xet)

ll

ProoF. Recall

J=n+

B = @) = o, ( T o)+ '),

B(y construction, w, factorizes with respect to the {9, }, r = 1,2, ..., and the
e¥) lie in @, with

-] o0
@(9{;) ~ kgla(%k_',l) n @(%k)c = k@] G.Bk.
Hence
m . . .
Ba® =TI {wg(el]) + o, ()
Jj=n+1
m s
= j,I;,IH {1 = A) +A€"). Done.
DEFINITION 3.16. We define the functions P, and x, by the formulae
n P
B0 = T (=) + e

() = (1= e")B ().

DErFINITION 3.17. We define the Fourier coefficients a; and y, by the
formulae

& ikt ok
B() = kzo o e, X, () = k§0 Ye€ -

REMARK. Since x, () = (1 — €*) B (r), we observe
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'yk=ak—ak_lf0r0<k<n+ltakinga_l = 0,4 = 0.

LeEMMA 3.18 (CHANGE OF SIGN). Let x,(f) = 2,'::‘0 'yke * as above. Then, for

alln > 0, there is a p < n such that

20, k<p
<0, k>p

ProOOF. By induction. For n = 1, we have

xi = (1= e"){(1=-A)+Ae"}
whose coefficients are 1 — A}, 2, — 1, —A,, in order, and clearly
{ l’ }\] < *:
p =
2, N>

Now suppose true for x,. We can write the coefficients in order as q,,_, ...,
as, ay, @y, —b;, —by, by, ..., —b, with n+ n_=n+2p=n,, and a;,
b; > 0. Since x,,; = ((1-A, +1) +A,1€%)x, we can generate the X,
coefficients as indicated below:

\/\/ \/ \/

Aus1d3 A1, Aryrdy Ms1dy
A =Ny A =N — (=N 00h — (=20,
o320 >0 <0--

FIGURE 1. Generation of coefficients
Hence we have the two cases

20,
n+lal (l n+l)bl <0,

o= {n+ +1,
n,,
respectively.

PRrOPOSITION 3.19. Let x, (), B(?) and o be as in Definitions 3.16 and 3.17.
Then

and we conclude
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bk = 2 3, o)

PrOOF. Recall
n n+l1
P,()= kEO ae™, x,(f) = kEO €™, Ve = o — oy

with ¢ = 0 for k < 0 or k > n. By the change of sign lemma (Lemma 3.18)
there is a p such that

%>0 k=01,..p-1,
%<0 k=pp+1l...,n+1
Thus,

n+l1 pil nél
Il I kgo el = 2o Yk i Yk

p-1 n+1
=3 (- )— 3 (@ — )
k=0 k=p

= {og + (o — ap) + * =+ + (a5 — @,5)}
~{(op = apy) + (@ — @) + o0 + (@, = a,y) — a,}

=01 (_ap—l) = 2ap—l'
But a, | = maxy¢,<,{ec}. Hence

lxalh = 20y = 2 ;max {a}.

THEOREM 3.20. Let A be a positive operator on a separable Hilbert space X with
0 < A4 < I and pure point spectrum {\;}, i = 1, 2, .... Then w}, the associated
generalized free state of @°(), is a factor state if 37, A, (1 — A;) = 0.

Proor. By Proposition 3.14, given [|(1 — €*)B, (1)l = 0 as m — oo, we
have |0 (xy) — w3 (x)w3(»)] = 0 as m = oo for x in @°(9W,,), y in @°(O,,,).
Since wj is continuous and the U,@°(9,,) is dense in @°(%) we may assume
x is an arbitrary element of @°(%). Now invoking Theorem 3.1, Lemma 3.15
and Definition 3.16 (relabeling the product lower limit n + 1) we conclude w§
is a factor state if ||x,,[j = 0 as m — co. By Proposition 3.19 it is sufficient to
show that max,c; ¢, {®;} = 0 as m — co. Now note
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ikt

27 . 7
ey Bt = | [ g

Iak| =

1 (20 2
<5 [ 1B

by the Cauchy-Schwarz inequality. Further,

12,0 = B, ()BX() = L {1-201 - cos)py(1 - A)).
But, forall #in (0,27) and n = 1,2, ...,

o0
2 2(1 = cosHA(1 = ;) = 2(1 - cosi) 2 NI=-A)=o
i=n+1 i=n+
if and only if 32, A,(1 — A,) = co. Hence |B, ())* > 0 as n > by the
residual theorem for infinite products, for all ¢ in (0, 27). Finally, LP Ol < 1
and |B,,(f)) > 0 as n - co almost everywhere on (0,27) so fy" |B,, )P ar
- 0 as n = 0. Thus |a;| = 0 as n — oo, independent of k, by our first
inequality. Done.
The following lemma, as modified in Proposition 3.22, will be useful in

proving the main result (Theorem 3.24).

Lemma 3.21 [LemMMA 5.3,(i)]. Let w, be a gauge invariant generalized free state
of the CAR algebra &(X). Then w, is type 1 if and only if there exists a spectral
projection E of A and a trace class operator T such that A = E + T.

PROPOSITION 3.22. Let A be a positive operator on a separable Hilbert space X
with 0 < A < I, and let &, be the associated generalized free state of &(X).
Then w induces a type 1 factor representation of &(X) if and only if Tr A(I — A)
< o0.

PROOF. Sufficiency. Suppose w, induces a type I factor representation. By
the above lemma, A = E + T, with E a projection and T trace class. Hence

AI-A)=(E+T)(I-E)-T)=—-ET+T(I-E)- T?

and
TrA(I — A) = — Te(ET) + T{(T(I - E)) - TH(T?) < «

since the trace class operators form an ideal in ®(%).

Necessity. Suppose TrA(I — A) < co. Then A clearly has pure point
spectrum, and there is an orthonormal basis { £}, i = 1, 2, ..., for ¥ such that
Af;= N f,and 0 < A; < 1. Let E be the spectral projection of 4 projecting
onto 5pan ({ f: \; > 4}). Then AE > }E and
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Tr(|4 — E]) = »(4—-E|f) = A+ 1-A
WA - E) =3 (5(4- EDf) = 3 A+ 3 (-

where i € E means Af, = N\;fand \; > },i € (I — E) means 4f, = A,f and
A; < }. Note that

A(1=A) < minQA,1-7) < 2A(1 =)
follows straightforwardly from 0 < A; < 1. Hence

0 0

E }‘i(l —>‘i) < X 2 A,"" 2 (l _A,') <2 2 7\‘-(1 _>‘i)

i=1 i€l-E i€E i=1
or Tr(4 — E) < oo if and only if 32, A,(1 = A;) < 0. Thus 4 — E is trace
class or A = E + T with T trace class, which implies w, induces a type I
factor representation by the above lemma. Done.

In proving the main result of this section (Theorem 3.24) we will (a) make
use of [14, Theorem 1] where sufficiency (i.e, w§ is a factor state implies
TrA(I — A) = ) is already proved and (b) invoke Theorem 4.12 and
Lemmas 3.23, 4.10, 4.16 for the necessity argument. We now state

LemMa 3.23 [12, LemMA 2.1]. Let % be a Hilbert space and w;, w, two factor
states of &(H). Let Oy C 9, + -+ be an increasing sequence of finite-dimension-
al subspaces of K, the closure of whose union is K. Then the following statements
are equivalent:

(@) & ~ ;-

(ii) For every € > O there is an integer n such that

lloy [@(OM,,)° — w,|@(OM,) Nl < e.
(iii) There is a finite-dimensional subspace S C K such that
lley [€0)° ~ w, @)l < 2.
Finally, we have

THEOREM 3.24. Let A be a positive operator on a separable Hilbert space %,
with 0 < A < I. Suppose A is not a projection, and let vy be the associated
generalized free state of @°(X). Then w§ is a factor state if and only if
TrA(I — A) = oo.

PROOF. Sufficiency. This is [14, Theorem 1]. The proof proceeds by assum-
ing TrA(I — A) < 0, and constructing nontrivial central elements of the von
Neumann algebra associated with the representation. These are given by
exp(iTI(¥;)?) where ¥, = N, — w,(N,)1, 0 <t < 1. We note that this con-
struction is repeated, with minor modification, in [3] to which we refer the
reader for further detail.
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Necessity. Suppose TrA(I — A) = oo. By Lemma 4.16 we can get a se-
quence of operators {4,}, p = 1,2, ..., such that

o< 4,<1,

(i) 4 has pure point spectrum,

(i) (472 ~ 4Y2]q5, > 0as p > o,

() 1 = 4} = (T = 4,) . > 025 p > o0.

Further, by Lemma 4.10 we have

W) llog = Wy, | > 0asp— oo,
with w,, @ 4, the gauge invariant generalized free states of @(%) associated
with 4, 4.’ Now, by Lemma 3.23 we have ws ~wy,p=12,.... But
TrA(I - As = oo implies w, induces a factor representauon which is not type
I; since w, ~ @4, WE have w 4, inducing a factor representation not of type I.
(Recall quas1-equwalent states induce representations whose associated von
Neumann algebras are *-isomorphic, and type is an isomorphism invariant.)
Since w 4, is not type I, we have Tr4,(I — 4,) = oo by Proposmon 3.22. Since
the A, have pure point spectrum, we conclude the wj are factor states of
@°(‘J£§by Theorem 3.20. But [lwg — wf | < llwg = Wy, rl — 0 asp— oo and
the uniform limit of factor states is a factor state; hence wy is a factor state.
Done.

We conclude this section by proving that the representations induced by
such factor states of @°(%) are faithful, i.e., they have trivial kernel-hence no
nontrivial two-sided ideals are mapped to zero. To do so, we use the
characterization of all two-sided ideals of @°(%) given in [4, 5.5]. We
summarize this information with a remark.

REMARK. The ideals of @°(X), denoted 1,

(i) are generated by the factors M, .. ,, »y

(ii) contain as a dense set all gauge invariant polynomials in a(f), a(g)*
each of whose addends has:

(a) at least m creators when ordered so that all creators are standing to
the left of all annihilators and

(b) at least n annihilators when ordered so that all annihilators are
standing to the left of all creators.

We are now ready for

PROPOSITION 3.25. Let A be a positive operator on a separable Hilbert space %
such that 0 < A < I and TrA(I — A) = 0. Let wj be the associated general-
ized free factor state of @ (X), and 11, the representation of @°(X) induced by
wy via the Gel'fand-Naimark-Segal construction. Then I, is faithful.

Proor. First define ¥, = {f: Af = 0 or Af = f}. Clearly, X © SCO, is
infinite dimensional, since if not, TrA(I A) < 0. Now assume II, is not
faithful; if so it must map one of the ,I, to zero. We observe that, by (ii)
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above, ,1,, C ,I, with p = max(m, ; and by (2 M(zp ») Bgenerates 1.
Further, the element y = () . e{P) . {8+ ... &8P is in Mg, ;) by its
definition; hence itisin I . We now construct an element x in I, such that
II,(x) # 0. To do so, we observe that: (a) we can find 2p orthonormal vectors
{815---+8,) in X © Ky, since it is infinite dimensional; (b) 4 is selfadjoint
when restricted to 9 = span({g;;...,8;,}); (c) therefore we can find
{fis....f,p} which are an orthonormal basis of 9 and eigenvectors of A and
(d) 4 and I — A are strictly positive on 9 Now we define n(f,) = a( j}() a(f),
k=1,...,2pand let

x=n(fy)coeon(f) T =n(fy))) oo (T = nlfy)))

By (ii) above, we have that x is in I, since y is, i.e., the left (right) ordering
procedures will result in polynomials of minimal degree p in creators (destruc-
tors) respectively.

Finally, letting Ay, ..., Ay, be the eigenvalues corresponding to f,, ..., f,,
we have

(DA(X) Al Az """ Ap * (l - AP'H) * (l - Ap+2) “““ (l - AZp) > 0.

Thus IT,(x) # 0 or I1,(,1,) # O, giving a contradiction. Done.

In this section, we have characterized factor states of @°(%) which were
obtained from gauge invariant generalized free states of @(%). In the following
section, we turn our attention to the question of quasi-equivalence for two
such states of @°(%).

4. Quasi-equivalence of representations. In this section, we wish to prove

THEOREM. Let wj and wg be factor states of @°(X), that is, TrA(I - Az
= TrB(I - B)— . Then v ~; w3 if and only if A% — BV and (I - 4/
-{I- B) are of Hzlbert-Schmzdt class.

To do so, we will make use of the fact that [Jog — wll < 2 implies
w3 ~ w, by the theorem below and Proposition 3.25. (See (i) if and only if
(iv).)

THEOREM 4.1 [4, THEOREM 4.5). Let @ = U, @, and let 11, and I1, be two
Jfactor representations of @ such that ker I, = kerIl,. Let w; and w, be vector
spaces of I1; and 11, respectively. Then the following statements are equivalent:

(i) II, and I1, are quasi-equivalent.

(ii) For all € > O there is an integer r such that

oy (%) = @y (x)| < ellIL )| for all x in €.

(iii) For all ¢ > O there is a finite-dimensional *-algebra B C @ containing e
such that
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oy (%) — @, (x)| < elIL XNl  for all x in B°.

(iv) There exists a finite-dimensional *-algebra @ C @ containing e such that
Sup{lay (+) — w, (9): x in €4, [T (| < 1) < 2

In previous work ([12], [14]) projection states of the CAR and GICAR
algebras were successfully analysed by the device of “doubling” the Hilbert
space (from K to K & ¥). Here, we find

( 4 A'/Z(I—A)'/z)
SR V270 S LI S

is a projection, i.e., E 4= E E,, and the restriction of WE, (a state of
EXDK)to@(K@0)is s1mply 4. Our. ability to analyse pro;ectlon states
will suggest a method of proof.

THEOREM 4.2 [12, THEOREM 2.8 AND LEMMA 4.5). Let E and F be projections
on a Hilbert space ¥. Let w and w be the associated gauge invariant generalized
Jfree states of &X). Then wg ~ wg if and only if E — F is Hilbert-Schmidt class.
Further, for E, and Eg as aboue, E, E g is Hilbert-Schmidt class if and only if
A2 — B2 and (1 - A) -({I- B) are Hilbert-Schmidt class.

The above theorem indicates that projections nearby in Hilbert-Schmidt
norm produce equivalent states. Hence we will attempt to construct a path
from E, to Eg with an appropriate Hilbert-Schmidt continuity property; this
will give a path from wj to wp as the following diagram indicates:

E > W > W w
A E 4 A

E, (AN W, ]

> 5 °

Ep —> “Eg > Wp > Wp

FIGURE 2. Deformation diagram

where & & is defined to be wg, the state obtained from E, in the usual way,
w0, = &,|@(X ® 0), and &%, = »,|@°(X & 0). Finally, the contmulty properties
of the original path will carry over to the restriction paths, and the quasi-
equivalence of wj and wg will follow from these. We begin, then, by studying
pairs of projections, in order to construct the desired path E,.

LeMMA 4.3. Let E and F be projections on a Hilbert space. Then
() E — F is selfadjoint.
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(i) If E — F is Hilbert-Schmidt, then it is compact with discrete spectrum
contained in [—1, 1].

PrOOF. E — F is selfadjoint since E and F are, and E — F is Hilbert-
Schmidt if and only if Tr(E — F)* < co which implies E — F is compact,
and hence has pure point spectrum. Further

(f, (E = F)f) = (£, Ef) = (f, ) = | Ef I - | Ef|I?
which implies —1 < (f, (E — F)f) < 1. Done.

LEMMA 4.4. Let E and F be projections on a Hilbert space K, such that
E — Fis Hilbert-Schmidt class. Then we can write

E=EO 4+ E('), F=FO 4 F('),
so that

(@) E®, E®, FO_ FW gre projections and EQEW = EOFM) = pO) 1)
= 0.

(ii) The dimensions of the ranges of E O and FO gre Sinite.

@) 129 - FO < 1.

Proor. Since E — F is selfadjoint and compact, it follows that differing
nonzero eigenvalues of E — F correspond to mutually orthogonal finite-
dimensional eigenspaces. That is, defining ¥, = {f € %: (E — F)f = of}
and n, = dim(¥,), we have ¥, L ¥, a # o, and n, < oo for all « # 0 in
[~1,1]. Now we observe that, for all f € ¥, we have (E — F)f = +fimplies

IEfll =1 and |IFfl =0,
IEfll =1 and [Ef| =0,

respectively. That is,

RanE N (RanF)' = %,

7€ \RanF (RanE)* =%_,,

respectively. Hence we define EW), FO) as the projections on ¥ .;, K_;,
respectively, and E©®, FO as E — E®W_ F — FO, respectively. Since we have
split off the spaces where (E — F)f = = f, and clearly |(g, (E — F)g)| < 1
for all g € K, we observe ||[E® — FO)| < 1, giving (iii). Finally, by the
definitions of E®, EM, FO, FM and the first remark of the proof, we have
(i) and (ii). Done.

LeMMA 4.5. See, eg., [14, p. 74]. Let E® and F© pe projections on a Hilbert
space % such that |E©® - FO|| < 1 and E® - FO is Hilbers-Schmidt class.
Then we can decompose K into orthogonal subspaces Kyp i =1,2, ..., such that
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()@) The X,, are one-dimensional (corresponding to independent vectors of
the eigenspace SKO of E@ — FO) or
() the K., are 2n-dimensional (corresponding to n pairs of nonzero
eigenvalues +u; of E@ — FO with 0 < u; < 1 and n the finite multiplicity of
u,).
(ii) The projections E® and F© are reduced by the ¥, .
(iii) The projections E; = E@|X, and F, = FO|X, are
(a) rank one or zero for u; = 0,
(b) rank one for u; # 0.

Proor. For convenience, we reproduce the argument in [14]. For (i)(b), let
0<lu <1 and suppose (E©® — FO)f = uf, with f # 0. Let g = —(EC
— FO _ 41)E©y, This is (1) an eigenvector of E© — F© and (2) nonzero
since

(E(O) - F(o))g = _(E(O) — F(°))2E(°)f+ u(E(o) - F(°))E(°)f

1)

= —u(~ED + FO + u1)EOf = —4g
and
2 (E® - FO)f = uf implies EOf = FOf + uf

implies g = —u(1 — u) f + 2uFO)f;

hence if g = 0, either u = 0 or F(O)f= (1 — u)f/2, in which case u = 1.
Since either contradicts the assumption 0 < # < 1, we have g # 0. Now note
that

(£8) = ~(£(E® - FO —un)EO))
= —(E® - FO - uDf,E®f) = (o - of,EOf) = 0;

hence f L g. Choosing mutually orthogonal vectors in ¥, until the space is
exhausted, we obtain n pairs of eigenvectors, corresponding to eigenvalues *u,
where n is the finite multiplicity of u, Hence X,, is 2n-dimensional,
completing (i)(b). For (i)(a), we note that an orthonormal basis for the zero
eigenspace of E@ — F© gives the desired one-dimensional spaces.

To show (ii) for the case 0 < ; < 1, we solve (E(o) F(°)) fi=u f for
EOf and substitute in g = —(E( ) FO _ I)E( f; to obtain EC f
= (1 p u,) 5+ 81/2“ )g; and F(°)f, = ;(1 — w)f + (1/2u)g;. 1f u, = 0, we
note EQf = FOf and thus [E© I‘JCO FO I‘JCO] = 0. Hence the orthonormal
basis for ¥, may be chosen to diagonalize simultaneously E©® ang FO),
completing (ii).
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Finally, for (iii) we argue that for 0 < u; < 1 the E, E are rank one

projections since
0% 0|%
E = %, or F= N
! 1%, 1%,

are precluded by the inequality 0 < u; < 1, together with (1) and (2). For
u; = 0, the basis chosen above consists of eigenvectors for both E © and F(o)
since they are projections the eigenvalues are zero or one, hence the corre-
sponding E;, F are rank zero or one respectively-completing (iii) and the
lemma.

We are now ready to construct a path from E ©) ¢ FO), by rotation.

LemMa 4.6. Let EQ), FO be as above. There is a path E, ©), ¢ € [-1,1], such
that E(o) = EO), E(O) = FO gnq ||E(°) ° || = 0 asr—s.

ProoF. For i such that u; # 0, we have E, F, rank one. Hence there are
vectors h;, k; such that Ran(E ) = span{h} Ran(F) span{k;}. An easy

computatlon shows that for such rank one operators, ||E, — Elfs = 2
—2I(hi,k)| Since

U (B~ B = — (8 (5~ B)'g) = o

141 lg; I

we have |[E; - El% s = 2u? = 2 - 2|(h;, k;)|, and letting |(#,, k,)> = cos?6,
we get u; = sinf;. As shown in the figure, we rotate k; into h; by varying the
angle from, e.g,, (¢ + 1)§/2 — g, t € [-1,1]. Defining k; , in the obvious way,
we then define E;, to be the projection onto k;,. Then

IE;, = Eylizs, = 2 -2 0052‘(55_»01 = Sinzg;z-i)ai;
clearly, we have E;_, = E,, E;) = Fand ||E;, - E, I 5. = 0asr—s. Now
define
E® = EOjx, + E, = FOI%, + E,.
r l 0 {i:u,z#O} b I 0 {i:u,zx#O} i
Then EQ) = E®, E® = FO and

[ —_
19 - B9 = £ 2205y,

Since E® — FO is Hilbert-Schmidt, 3 | u? = 2;’1 sin2, < co. Further,
for 0<x<7r/2 2x/77<smx<x and 4x/7r2<sm x< %2, so
32, sin2g, < oo implies 32, 62 = M < .
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Finally,

0 —
IE® - EOJ ¢ = > 2sin” l
=

as r = s. Done.
For convenience we state

LEMMA 4.7 [12, LeMMA 4.1). Let A and B be positive operators on a Hilbert
space K. Then

14V2 = B2 A5 < 14 = Blig..

LEMMA 4.8. Let E and F be projections on a Hilbert space X, with E - F
Hilbert-Schmidt class. Define E = E ©4+E ('), F=FO 4+ FO 45 in Lemma
4.4.Then there are operators E,, t € [—2,2], such that

(i) E_z = E, E2 = F,

(HO0<E<LI

(iii) IIE E, "f]'f —>0asr—>s, for aII 1, s in [-1, 1)

@) 1E7 ~ E g5, = 0, I - E)* = (1 - E,)
allr,sin [—2 1] or[1,2].

Proor. We construct paths, with the above continuity properties as follows:

"Hs = 0asr— s, for

EO - ¢+ 1DE®, e[-2-1]
E, = {EO, t €[-1,1],
FO4+¢-1)FO,  1e1,2]

with E,(O) as in the previous lemma, whose conclusion gives (ii). First, we note
the E, are clearly positive by definition giving (i). Now, applying Lemma 4.7
we obtain, for r, s € [-2,-1],

IEY2 - B}, < IE, - B,
== PDEO|p = s =Dl >0 asr—s,
recalling n; to be the (finite) dimension of the range of E m, Likewise, we have
I - B - 1 - E)lfys. < 10 - E) = (U = E)bw. = IE, - E,Jhw.

=|s=nln, >0 asr—s.

The identical argument for the E yields, for r, s € [1,2},
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1/2 1/2
IEY? ~ Elys. » 0 asr—s,

Iz = E) = (1 = B)llys, >0 asr—s.

Hence, we have (iii). Done.
SuMmMARY. We have a path from E to F as shown below.

E=EQ® +p) —___, g(0)

l

F=FO© Q1) ____ p(0)

FIGURE 3. Projection deformation

We are now ready to show the inherited state norm continuity. We will need,
however, the following results of [12].

THEOREM 4.9 [12, THEOREM 2.6]. Suppose w and wp. are pure generalized free
states of &(X). Let &y = det(I — E(I — F)E), and ay = det(I (I-E)F1
- E)), and a = min(ay, a,). Then [logp — wgll = 2(1 — @)

LemMMA 4.10 [12, LEMMA 4.7). Let w, and wp be gauge invariant generalized
free states of @(%). Suppose 0 < ¢ < 2. Then if || 4V* — B2 lhas. < &/12 and
(7 - A) -(- B) s, < €/12, then ||lw, — wpll < e

Now we show

LemMma 4.11. Let E,, Eg be projections on X © X, defined as above. Suppose
E, — Ep is Hilbert-Schmidt class. We define E, as in Lemma 4.8, setting
E, = E and Eg = F, and a gauge invariant generalized free state of &(X ® %),
@, by the formula &, = wg, . Also, we define

o, = @K S0), =gl HeO0).

Then
() w2y = wj and 0§ = wj.
(i) |05 = @Sl > Oasr — s, forall r, s € [-2,2].

Proor. For (i), we simply observe that &_, = wg_ , = wg, and
w_z = &_2]@(%9 0) = (OA, (0:2 = &_2|@°(9C$ 0) = (0; .

Likewise, w$ = wj. For (ii) we first consider r, s € [~1, 1]. Then by Theorem
4.9 above, we have

- - 1/2
I, = &, = llog, — wg, | = 201 — &)"
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with
a = min(det(I — (I — E,)E,(I — E,)),det(I — E,(I — E,)E,)).
But since det(] — 4) > 1 — Tr(4) for 0 € A < I we obtain
a > det(I — (I - E)E(I - E)) > 1 - To(I — E,)E(I - E,)).
By positivity of E,(I — E,)E, we have
a>1-Ti(I - E)E - E,)+ E(I - E)E,)
= 1-Ti(E, - E)") = 1 - |IE, - E,[fis.

Hence, for all 7, s € [-1,1], I&, — &,]| = 201 — @)% < 2||E, — E, |lys, = 0
as r = s, by Lemma 4.8. Now conS1der r,s € [-2,-1]orr, s € [1,2]. Again
&, = &l = llwg, — “’E | and from Lemma48(1n) we have IIEl /2 El/zll .
-0 and l(r - E) -(I-E )/ s, = O. But by direct application of
Lemma 4.10, these imply IIwE — wg | = 0 as r—s. Finally, [|&, — &
2 llo, = ol > llwS — | by the properties of restriction. Thus [|w$ — w° I
—0asr— s, forallr,s € [-2,2], completing (ii). Done.

Of use in proving our final results in this section will be

THEOREM 4.12 [12, THEOREM 5.1). Every gauge invariant generalized free state
of &) is a factor state. Two gauge invariant generalized free states w, and wp
are quasi-equivalent if and only if the operators AY2 - BY2 gng a- A)l’2

— (I = B)”* are of Hilbert-Schmidt class.

We will also use the following two lemmas.

LeMMA 4.13 [12, LeMMA 2.3). Suppose w, and w, are even states of &(X) and
W is a finite-dimensional subspace of X. Then

lloy |2ER)° — 0y |@ER)° || = llay |@(ER) — @OV
REMARK. We note that generalized free states are defined to be even.
LEMMA 4.14 [12, LEMMA 4.5]. Let A and B be operators on a Hilbert space X
suchthat0 < A < Iand0 < B I.Then E 4 — Egis aHzIbert-Schmzdt cIass

operator if and only if the operators AV2 — BV gna (I - A) -(I- B) are
of Hilbert-Schmidt class.

We are now ready to prove

THEOREM 4.15. Let A and B be operators with point spectrum such that
0<A<LILO0OLB<LIandTrA(I - A) = TrB(I - B) = 0. Let w§ and wg
be the correspondmg factor series of @°(9£) Then w° ~ wp if and only if
AY2 - BY2 gng - A) -(I- B)/ are of HxIbert-Schmldt class.
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PROOF. Sufficiency. Suppose A% — BY2 and/or (I — 4)/% - (1 — B)? are
not Hilbert-Schmidt. Then by Theorem 4.12 above, we have w +, wg, where
w4 and wp are the gauge invariant generalized free states of the whole CAR,
@(). Hence, for all finite-dimensional 9 C ¥, we have

) I, — wp)le@L)°ll = 2

by, e.g., Lemma 3.23 above. Now, by Lemma 3.9, €°(91)® C €°(9n*), so we
have

@) s — wp)le°@E)®]l > llwg - wp)le°@nh)|

and from the definitions, we conclude

(3) lltwg = wp) @) = lI(eoy — wp)l€°ORH)I| = ll(wy = wp)lEE)].

Finally from Lemma 4.13 we have

(4) "(“’A - ‘03) IQ(%J')" = II(wA - “’B)l@(%)c ",

since generalized free states are necessarily even. Combining (1) through (4)
gives

l(wg — wg)l@ @)l > 2;

hence by Theorem 4.1 and Proposition 3.24 we conclude wj ~+; w. Done with
sufficiency.

Necessity. Suppose AY2 — BY? and - A)'/ 2_ u- B)l/ 2 are Hilbert-
Schmidt. It follows from above that E, — Ep is Hilbert-Schmidt. Now we
invoke the path «, of Lemma 4.11. Recall [|lw, — w,|| = 0 as r — s, for all
r,s € [-2,2], and w_; = wy, w; = wg. It follows that we can choose a
partition of [-2,2], say {#,}, 1 < k < N, such that {{ = =2 and #, = 2 and
llw,,, — @Il <2, 1< k < N — L Since the w, are restrictions of the gauge
invariant generalized free states w,, they are likewise generalized free states,
and hence factors, by Theorem 4.12 above. Now observe that since v, = w,
and TrA(I — A) = oo, @, is not type I by Proposition 3.22. But by Lemma
3.23, since [lw,, — @, [| <2, wehavew, ~w,,1 <k <N -1 Thusthe
w, are not type I, and the positive operators A, defined by the’ two-point
function of w, have the property that Tr4 ,k(I - A ,k) = 00, again by Propo-
sition 3.22. We can then conclude, by Theorem 3.24, that w;; is a factor state
of @°(X), 1 <k < N. Finally, we have w2, = &, 0§ = wp and [lwp
— wp |l <2, the latter by restriction, 1 < k < N—1. Thus & ~ g, 1
< k< N -1 and since quasi-equivalence is an equivalence relation, w;’l
~ @, Of wg ~ wp. Done.
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To remove the point spectrum condition, we will make use of Lemma 4.10
and the following lemma.

LEMMA 4.16 [12, LEMMA 4.4). Let A be an operator such that 0 < A < I, and
let ¢ > 0. Then there exists an operator B, 0 < B < I, with pure point spectrum
such that AV* — BY? and (I - A) -({I- B)/ are of Hilbert-Schmidt class
with Hilbert-Schmidt norm less than e. Furthermore, the eigenvalues of B are
dense in the spectrum of A.

THEOREM 4.17. Let A and B be operators such that 0 < A < I,0< B <L I
and TrA(I — A) = TrB(I — B) = co. Let wy and wg be the corresponding
factor states of @°(X). Then vy ~ wj if and only if AV2 — BY2 gnq I - A)l/ 2

- (- B) 2 are of Hzlbcrt-Schmzdt class.

PROOF. Sufficiency. Same proof as Theorem 4.15, sufficiency.
Necessity. By Lemma 4.16 there exist operators 4 and B, each with pure
point spectrum, such that

1472 — A2 )lys. < V/6 1BV - By s < 1/6,
Iz =42 = - D lys, < V6, =B = (1 - B lys. < V6.

Further, by Lemma 4.10 the associated states of @(%), w 7 and wg, have the
properties [lw, — w;ll <2, lwg — wgll < 2; hence, by Lemma 3.23, w,
~ w;and wp ~; wg- By hypothesis and the above Proposition 3.22, w, and wp
are not type I, and therefore w; and wy are not type I by quasi-equivalence.
Thus TrA(I — A) = TrB(I - é) = o0, which implies w§ and wj are factor
states of °(%) by Theorem 3.24. Further

"A‘I/Z _ szlln_s, = "/‘1‘1/2 _A1/2 +A1/2 _ Bl/2 + BI/Z _ Bllzlla,s
< 1/6+ |42 = B |lys + 1/6 < ®

by hypothesis. Likewise ||( — fi)'/ 2_@u- B)'/ 2 llys, < o0, and by the pre-
vious theorem, w$ ~q w§. Hence we have wj~, wg~, wj~, wp or wg
~ 4 wp. Done necessity, and theorem.
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